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BASS-SERRE RIGIDITY RESULTS IN VON NEUMANN
ALGEBRAS
IONUT CHIFAN AND CYRIL HOUDAYER
Abstract. We obtain new Bass-Serre type rigidity results for II1 equiv-
alence relations and their von Neumann algebras, coming from free er-
godic actions of free products of groups on the standard probability
space. As an application, we show that any non-amenable factor arising
as an amalgamated free product of von Neumann algebras M1 ∗BM2
over an abelian von Neumann algebra B, is prime, i.e. cannot be written
as a tensor product of diffuse factors. This gives, both in the type II1
and in the type III case, new examples of prime factors.
1. Introduction
We prove in this paper new rigidity results for amalgamated free products
(hereafter abbreviated AFP) M = M1 ∗B M2 of semifinite von Neumann
algebras over a common amenable von Neumann subalgebra. In the spirit
of [21], these results can be viewed as von Neumann algebras analogs of
“subgroup theorems” and “isomorphism theorems” for AFP of groups in
Bass-Serre theory. Our main “subalgebra theorem” (see Theorem 1.1 below)
shows that for any subalgebra Q ⊂ M with no amenable direct summand
(e.g. Q non-amenable subfactor), the relative commutant P = Q′ ∩M can
be conjugated by an inner automorphism of M into either M1 or M2.
This “subalgebra theorem” allows us to classify large classes of AFP fac-
tors as well as to prove structural properties for these algebras. For instance,
we prove that any non-amenable factor M =M1 ∗BM2 arising as an AFP
over an abelian subalgebra cannot be decomposed into a tensor product of
diffuse factors, i.e. M is a prime factor. This gives many new examples
of prime factors, of type II1 and of type III. The typical “isomorphism
theorem” we derive (see Theorem 1.5 below) shows that if θ : M ≃ N t is
a ∗-isomorphism from an AFP II1 factor M = M1 ∗A · · · ∗A Mm onto the
amplification by some t of an AFP II1 factor N = N1 ∗B · · · ∗B Nn, A,B
abelian, 1 ≤ m,n ≤ ∞, with each Mi and each Nj containing large com-
muting subalgebras, then m = n and θ(A ⊂ Mi) is unitarily conjugate to
(B ⊂ Nj)t, for all i, after permutation of indices.
Results of this type have been first obtained by Ozawa in his pioneering
paper [24] for plain free products M = M1 ∗M2 of semi-exact II1 factors.
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He showed that if Q ⊂ M is a non-amenable subfactor with P = Q′ ∩
M hyperfinite II1 factor, then P can be conjugated into M1 or M2 by a
unitary in M . For the proof, he first used his C∗-algebraic techniques to
get a “finite dimensional” P -Mi bimodule, and then Popa’s intertwining
subalgebras techniques to conclude.
In their breakthrough paper [21], Ioana, Peterson & Popa showed that
for B,M1,M2 arbitrary finite von Neumann algebras, any rigid subalgebra
P (i.e. having relative property (T)) of M = M1 ∗B M2 can be conjugated
into M1 or M2 by a unitary in M . Unlike Ozawa, this result used Popa’s
“deformation/rigidity” techniques in [32, 33] (with the relative property (T)
being used for the rigidity) to first get a finite dimensional P -Mi bimodule,
then the intertwining subalgebras techniques to conclude. Peterson, using
his L2-derivations techniques [28], obtained similar Kurosh-type results for
plain free products M =M1 ∗M2, where M1,M2 are “L2-rigid” II1 factors.
In [30], Popa showed that in many previous “deformation/rigidity” argu-
ments (e.g. the W∗ strong rigidity of factors arising from Bernoulli actions
of property (T) groups), the property (T) condition can be completely re-
moved, using instead a “spectral gap” rigidity. This allowed treating many
groups which do not have property (T), such as products of an arbitrary
non-amenable and an arbitrary infinite group. Ozawa & Popa used this
“spectral gap” rigidity arguments [26] to prove that the normalizer of any
diffuse amenable subalgebra of the free group factors generates an amenable
von Neumann algebra.
We combine the deformation techniques of [21], and the spectral gap rigid-
ity techniques of [30, 31] in order to prove our key technical theorem. This
is the above mentioned “subalgebra theorem”, of Bass-Serre type, which is
behind all the results of this paper. For A,B ⊂ M finite von Neumann
algebras, we recall from [32, 33] that the symbol A M B roughly means
that a corner of A can be unitarily conjugated into a corner of B inside M .
Theorem 1.1 (Key intertwining result). For i = 1, 2, let (Mi, τi) be a finite
von Neumann algebra with a common amenable von Neumann subalgebra
B ⊂Mi, such that τ1|B = τ2|B. Let M =M1 ∗BM2 be the amalgamated free
product. Let Q ⊂M be a von Neumann subalgebra with no amenable direct
summand (e.g. Q a non-amenable subfactor). Then there exists i = 1, 2
such that Q′ ∩M M Mi.
We briefly recall below the concepts that we will play against each other
to prove Theorem 1.1:
(1) The first ingredient we will use is the “malleable deformation” by
automorphisms (αt, β) defined on M˜ =M∗B (B⊗L(F2)), introduced
in [21]. It represented one of the key tools that lead to the computa-
tion of the symmetry groups of AFP of weakly rigid factors. It was
shown in [30] that this deformation automatically features a certain
“transversality property” (see Lemma 2.1 in [30]) which will be of
essential use in our proof.
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(2) The second ingredient we will use is the spectral gap rigidity principle
discovered by Popa in [30, 31]. We prove that for any von Neumann
subalgebra Q ⊂M with no amenable direct summand, the action by
conjugation Ad(U(Q)) y M˜ has “spectral gap” relative to M : for
any ε > 0, there exist δ > 0 and a finite “critical” subset F ⊂ U(Q)
such that for any x ∈ (M˜ )1 (the unit ball of M˜), if ‖uxu∗−x‖2 ≤ δ,
∀u ∈ F , then ‖x− EM (x)‖2 ≤ ε.
(3) A combination of (1) and (2) yields that for any Q ⊂ M with no
amenable direct summand, the malleable deformation (αt) necessar-
ily converges uniformly in ‖ · ‖2 on the unit ball of Q′ ∩M . Then
using the intertwining techniques from [21], one can embed Q′ ∩M
into M1 or M2 inside M .
We prove in fact a more general version of Theorem 1.1 (see Theorem
4.2), involving semifinite AFP. Indeed, given an AFP type III factor M,
these techniques allow us to work with its core M ⋊σ R, which is of type
II∞ [10, 39], rather than M itself. We then obtain the following theorem
that generalizes many previous results on the indecomposability of factors
as tensor products, i.e. primeness (see [17, 18, 24, 28, 37]), and moreover
gives new examples of prime factors, of type II1 and of type III:
Theorem 1.2 (Primeness for AFP over abelian). For i = 1, 2, let Mi be
a von Neumann algebra. Let B ⊂ Mi be a common abelian von Neumann
subalgebra, with B 6=Mi, such that there exists a faithful normal conditional
expectation Ei : Mi → B. Denote by M = M1 ∗B M2 the amalgamated
free product. If M is a non-amenable factor, then M is prime.
Using some of Ueda’s results on factoriality and non-amenability of plain
free products and of amalgamated free products over a common Cartan
subalgebra (see [41, 42, 43, 44]), we obtain the following corollaries:
Corollary 1.3. For i = 1, 2, let (Mi, ϕi) be any von Neumann algebra
endowed with a faithful normal state. Assume that the centralizer Mϕ11 is
diffuse and M2 6= C. Then the free product (M, ϕ) = (M1, ϕ1) ∗ (M2, ϕ2)
is a prime factor.
Corollary 1.4. For i = 1, 2, let Mi be a non-type I factor, and B ⊂ Mi
be a common Cartan subalgebra. Then the amalgamated free product M =
M1 ∗B M2 is a prime factor.
In particular, let Γ = Γ1 ∗ Γ2 be a free product of countable infinite
groups. Let σ : Γ y (X,µ) be a free action such that the measure µ is
quasi-invariant under σ, and such that the restricted action σ|Γi is ergodic
and non-transitive for i = 1, 2. Then the crossed product L∞(X,µ)⋊ Γ is a
prime factor.
Theorem 1.1 allows us to obtain new W∗/OE Bass-Serre type rigidity
results for actions of free products of groups. In order to state the main
result, we first introduce the following notation. Fix integers m,n ≥ 1. For
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each i ∈ {1, . . . ,m}, and j ∈ {1, . . . , n} let
Γi = Gi ×Hi
Λj = G
′
j ×H ′j
be ICC (infinite conjugacy class) groups, such that Gi, G
′
j are not amenable
and Hi,H
′
j are infinite. Denote Γ = Γ1 ∗ · · · ∗ Γm and Λ = Λ1 ∗ · · · ∗ Λn.
Let σ : Γ y (X,µ) be a free m.p. action of Γ on the probability space
(X,µ) such that σi := σ|Γi is ergodic. Write A = L
∞(X,µ), Mi = A ⋊ Γi,
M = A ⋊ Γ and R(Γi y X), R(Γ y X) for the associated equivalence
relations.
Likewise, denote by ρ : Λ y (Y, ν) a free m.p. action of Λ on the prob-
ability space (Y, ν) such that ρj := ρ|Λj is ergodic. Write B = L
∞(Y, ν),
Nj = B ⋊ Λj , N = B ⋊ Λ, and R(Λj y Y ),R(Λ y Y ) for the associated
equivalence relations. We obtain the following analogs of Theorem 7.7 and
Corollary 7.8 of [21].
Theorem 1.5 (W∗ Bass-Serre rigidity). If θ :M → N t is a ∗-isomorphism,
then m = n, t = 1, and after permutation of indices there exist unitaries
uj ∈ N such that for all j
Ad(uj)θ(Mj) = Nj
Ad(uj)θ(A) = B.
In particular R(Γ y X) ≃ R(Λ y Y ) and R(Γj y X) ≃ R(Λj y Y ), for
any j.
Corollary 1.6 (OE Bass-Serre rigidity). If R(Γy X) ≃ R(Λy Y )t, then
m = n, t = 1, and after permutation of indices, we have R(Γj y X) ≃
R(Λj y Y ), for any j.
Conventions and notations. Throughout this paper, we write M for
an arbitrary von Neumann algebra and M for a semifinite von Neumann
algebra. Usually a state is denoted by ϕ or ψ and a trace is denoted by
τ if it is finite and Tr if it is semifinite. States, traces and conditional
expectations are always assumed to be faithful and normal. We shall denote
by Mn := Mn(C) ⊗ M and M∞ := B(ℓ2)⊗M. Every von Neumann
algebra is assumed to have separable predual. Also, (M)1 is the unit ball of
M w.r.t. the operator norm.
In Section 2, we extend some of Popa’s intertwining techniques from finite
to semifinite von Neumann algebras as well as some results from [21]. In
Section 3, we give a generalization of Popa’s spectral gap property in the
context of semifinite amalgamated free products over an amenable von Neu-
mann subalgebra. In Section 4, we prove Theorem 1.1. In Section 5, we
prove Theorem 1.2 and deduce several corollaries. Finally, we give further
rigidity results for finite amalgamated free products.
Acknowledgements. The authors would like to express their warmest
thanks to Stefaan Vaes for illuminating discussions on this paper. They are
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2. Intertwining techniques for semifinite von Neumann
algebras
2.1. Right Hilbert modules. Let (B, τ) be a finite von Neumann algebra
with a distinguished trace. Since τ is fixed, we simply denote L2(B, τ) by
L2(B). Let H be a right Hilbert B-module, i.e. H is a (separable) Hilbert
space together with a normal ∗-representation π : Bop → B(H). For any
b ∈ B, and ξ ∈ H, we shall simply denote π(bop)ξ = ξb. By the general
theory, we know that there exists an isometry v : H → ℓ2⊗L2(B) such that
v(ξb) = v(ξ)b, for any ξ ∈ H, b ∈ B. Since p = vv∗ commutes with the
right B-action on ℓ2⊗L2(B), it follows that p ∈ B(ℓ2)⊗B. Thus, as right
B-modules, we have H ≃ p(ℓ2⊗L2(B)).
On B(ℓ2)⊗B, we define the following semifinite trace Tr (which depends
on τ): for any x = [xij ]i,j ∈ (B(ℓ2)⊗B)+,
Tr ([xij ]i,j) =
∑
i
τ(xii).
We set dim(HB) = Tr(vv
∗). Note that the dimension of H depends on
τ but does not depend on the isometry v. Indeed take another isometry
w : H → ℓ2⊗L2(B), satisfying w(ξb) = w(ξ)b, for any ξ ∈ H, b ∈ B. Note
that vw∗ ∈ B(ℓ2)⊗B and w∗w = v∗v = 1. Thus, we have
Tr(vv∗) = Tr(vw∗wv∗) = Tr(wv∗vw∗) = Tr(ww∗).
Assume that dim(HB) < ∞. Then for any ε > 0, there exists a central
projection z ∈ Z(B), with τ(z) ≥ 1 − ε, such that the right B-module
Hz is finitely generated, i.e. of the form pL2(B)⊕n for some projection
p ∈Mn(C)⊗B.
2.2. Intertwining-by-bimodules device in the semifinite setting. In
[32, 33], Popa introduced a very powerful tool to prove the unitary conjugacy
of two von Neumann subalgebras of a tracial von Neumann algebra (M, τ).
If A,B ⊂ (M, τ) are two possibly non-unital von Neumann subalgebras,
denote by 1A, 1B the units of A and B. Note that we endow the finite von
Neumann algebra B with the trace τ(1B · 1B)/τ(1B).
Theorem 2.1 (Popa, [32, 33]). Let A,B ⊂ (M, τ) be two possibly non-unital
embeddings. The following are equivalent:
(1) There exist n ≥ 1, a possibly non-unital ∗-homomorphism ψ : A →
Bn and a non-zero partial isometry v ∈M1,n(C)⊗1AM1B such that
xv = vψ(x), for any x ∈ A.
(2) The A-B bimodule 1AL
2(M)1B contains a non-zero A-B subbimod-
ule H such that dim(HB) <∞.
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(3) There is no sequence of unitaries (uk) in A such that
‖EB(a∗ukb)‖2 → 0,∀a, b ∈ 1AM1B .
If one of the previous equivalent conditions is satisfied, we shall say that
A embeds into B inside M and denote A M B.
For our purpose, we need to extend Popa’s intertwining techniques for
semifinite von Neumann algebras. Namely, let (M,Tr) be a von Neumann
algebra endowed with a faithful normal semifinite trace. We shall simply
denote by L2(M) theM -M bimodule L2(M,Tr), and by ‖·‖2,Tr the L2-norm
associated with Tr. We will use the following well-known inequality (‖ · ‖∞
is the operator norm):
‖xξy‖2,Tr ≤ ‖ξ‖2,Tr‖x‖∞‖y‖∞,∀ξ ∈ L2(M),∀x, y ∈M.
We shall say that a projection p ∈ M is Tr-finite if Tr(p) < ∞. Then p
is necessarily finite. Moreover, pMp is a finite von Neumann algebra and
τ := Tr(p · p)/Tr(p) is a faithful normal tracial state on pMp. Remind
that for any projections p, q ∈ M , we have p ∨ q − p ∼ q − p ∧ q. Then it
follows that for any Tr-finite projections p, q ∈M , p∨ q is still Tr-finite and
Tr(p ∨ q) = Tr(p) + Tr(q)− Tr(p ∧ q).
Note that if a sequence (xk) in M converges to 0 strongly, then for any
non-zero Tr-finite projection q ∈M , ‖xkq‖2,Tr → 0. Indeed,
xk → 0 strongly in M ⇐⇒ x∗kxk → 0 weakly in M
=⇒ qx∗kxkq → 0 weakly in qMq
=⇒ Tr(qx∗kxkq)→ 0
=⇒ ‖xkq‖2,Tr → 0.
Moreover, there always exists an increasing sequence of Tr-finite projections
(pk) in M such that pk → 1 strongly.
Theorem 2.2. Let (M,Tr) be a semifinite von Neumann algebra. Let B ⊂
M be a von Neumann subalgebra such that Tr|B is still semifinite. Denote by
EB : M → B the unique Tr-preserving conditional expectation. Let p ∈ M
be a projection such that Tr(p) < ∞. Let A ⊂ pMp be a von Neumann
subalgebra. The following conditions are equivalent:
(1) There exists a non-zero Tr-finite projection q ∈ B such that the A-
qBq bimodule L2(pMq) contains a non-zero A-qBq subbimodule H
such that dim(HqBq) < ∞, where qBq is endowed with the trace
Tr(q · q)/Tr(q).
(2) There is no sequence of unitaries (uk) in A such that EB(x
∗uky)→ 0
strongly, for any x, y ∈ pM .
Definition 2.3. Under the assumptions of Theorem 2.2, if one of the equiv-
alent conditions is satisfied, we shall still say that A embeds into B inside
M and still denote A M B.
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Proof of Theorem 2.2. (1) =⇒ (2). Write e = p ∨ q which is a Tr-finite
projection in M . Thus Condition (1) tells exactly that A eMe qBq in
the sense of Theorem 2.1. Hence there exist n ≥ 1, a possibly non-unital
∗-homomorphism ψ : A → (qBq)n and a non-zero partial isometry v ∈
M1,n(C) ⊗ pMq such that xv = vψ(x), for any x ∈ A. Automatically,
v∗v ≤ ψ(p).
Assume that there exists a sequence of unitaries (uk) in A such that
EB(x
∗uky)→ 0 strongly, for any x, y ∈ pM . In particular, we get
‖EBn(v∗ukv)‖2,Trn → 0.
Since ψ(uk) are unitaries in ψ(p)B
nψ(p) and v∗ukv = ψ(uk)v
∗v, we have
‖EBn(v∗v)‖2,Trn = ‖EBn(v∗v)ψ(uk)‖2,Trn
= ‖EBn(v∗vψ(uk))‖2,Trn
= ‖EBn(v∗ukv)‖2,Trn → 0.
This implies that EBn(v
∗v) = 0 and thus v∗v = 0. Contradiction.
(2) =⇒ (1). From (2), there exist ε > 0, a finite set F ⊂ L2(B) and a
finite set K ⊂ (pM)1 such that
max
x,y∈K,ξ∈F
‖EB(x∗uy)ξ‖ ≥ ε,∀u ∈ U(A).
Fix an increasing sequence of Tr-finite projections (pk) in B such that pk → 1
strongly. Since pk(ξ)→ ξ for any ξ ∈ F , and B ∩ L2(B) is dense in L2(B),
we obtain that there exist ε′ > 0 and k0 ∈ N large enough, such that
max
x,y∈K
‖EB(x∗uy)pk‖2,Tr ≥ ε′,∀u ∈ U(A),∀k ≥ k0.
Moreover we have
‖(1− pk)EB(x∗uy)pk‖2,Tr ≤ ‖(1− pk)x∗uypk‖2,Tr
≤ ‖(1− pk)x∗‖2,Tr.
Since K is finite and x ∈ pM with p a Tr-finite projection, it follows that
‖(1− pk)EB(x∗uy)pk‖2,Tr → 0,
uniformly for any x, y ∈ K, and u ∈ U(A). Thus there exist ε′′ > 0, a
Tr-finite projection q = pk in B for k large enough, such that
max
x,y∈K
‖qEB(x∗uy)q‖2,Tr ≥ ε′′,∀u ∈ U(A).
The rest of the proof is now exactly the same as the one of [33], because if
we denote by e = p ∨ q, we are working in the finite von Neumann algebra
eMe. 
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2.3. Controlling quasi-normalizers in a semifinite AFP. We first fix
some notation. Let P ⊂ Q be an inclusion of von Neumann algebras. We
denote by
NQ(P ) := {u ∈ U(Q) : uPu∗ = P}
the group of all unitaries in Q that normalize P inside Q. The normalizer
of P inside Q is the von Neumann algebra NQ(P )′′. Since every unitary in
P ′ ∩Q normalizes P , we have P ′ ∩Q ⊂ NQ(P )′′. We say that the inclusion
P ⊂ Q is regular if NQ(P )′′ = Q. More generally, we denote by
QNQ(P ) := {x ∈ Q : ∃a1, . . . , an ∈ Q,xP ⊂
∑
i
Pai and Px ⊂
∑
i
aiP}
the set of all elements in Q that quasi-normalize P inside Q. Note that
QNQ(P ) is a unital ∗-algebra. The quasi-normalizer of P inside Q is the
von Neumann algebra QNQ(P )′′. Moreover, we have P ′ ∩ Q ⊂ QNQ(P ).
We say that the inclusion P ⊂ Q is quasi-regular if QNQ(P )′′ = Q.
Important convention. For i = 1, 2, let Mi be a von Neumann algebra
and B ⊂ Mi be a common von Neumann subalgebra. Assume that there
exist faithful normal conditional expectations Ei :M → B. Write (M,E) :=
(M1, E1) ∗B (M2, E2) the amalgamated free product. We will simply denote
M =M1∗BM2 if no confusion is possible. We shall say thatM is a semifinite
amalgamated free product, if there exists a semifinite faithful normal trace
Tr on M such that:
• Tr|Mi and Tr|B are still semifinite;
• Tr ◦E = Tr and Tr ◦Ei = Tr.
Whenever we refer to a trace Tr on a semifinite amalgamated free product,
we always mean a trace Tr that satisfies the previous conditions.
We prove the following analog of Theorem 1.2.1 of [21]. Nevertheless, the
proof follows the same strategy as the one of Theorem 4.6 of [20].
Theorem 2.4. LetM =M1∗BM2 be a semifinite amalgamated free product.
Denote by Tr the semifinite trace on M . Let p ∈M1 be a projection such that
Tr(p) < ∞. Let Q ⊂ pM1p be a von Neumann subalgebra such that Q M1
B. Then, any Q-pM1p subbimodule H of L
2(pMp) such that dim(HpM1p) <
∞, is contained in L2(pM1p). In particular, Q′ ∩ pMp, NpMp(Q)′′ and
QN pMp(Q)′′ are contained in pM1p.
Proof. Since Q M1 B, we know there exists a sequence of unitaries (un)
in Q such that EB(a
∗unb) → 0 strongly, for any a, b ∈ pM1. We prove the
following claim:
Claim 2.5. ∀x, y ∈ pMp⊖ pM1p, ‖EpM1p(xuny)‖2,Tr → 0.
Proof of Claim 2.5. Let x and y be reduced words in (M)1 with letters al-
ternatingly fromM1⊖B andM2⊖B. We assume that both x and y contain
at least a letter from M2 ⊖ B. We set x = x′a with a = 1 if x ends with a
letter from M2 ⊖B and a equal to the last letter of x otherwise. Note that
x′ is a reduced word ending with a letter from M2 ⊖ B. In the same way,
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we set y = by′ with b = 1 if y begins with a letter from M2 ⊖B and b equal
to the first letter of y otherwise. Note that y′ is a reduced word beginning
with a letter from M2 ⊖B. Then for z ∈ Q, we have
EM1(xzy) = EM1(x
′EB(azb)y
′).
Apply this equality to z = un. Since EB(aunb) → 0 strongly, it follows
from the equation above that EM1(xuny)→ 0 strongly. Consequently,
‖EpM1p(pxunyp)‖2,Tr = ‖pEM1(xuny)p‖2,Tr → 0.
Using Kaplansky density theorem together with the fact that un ∈ Q ⊂
pM1p, we are done. 
The rest of the proof is now exactly the same as the one of Theorem 4.6
in [20]. 
3. Spectral gap property for semifinite AFP
In this section, we will freely use the language of Hilbert bimodules over
von Neumann algebras (see [3, 7]). We collect here a few properties we will
be using throughout. Let M,N,P be any von Neumann algebras.
For M -N bimodules H,K, denote by πH (resp. πK) the associated ∗-
representation of the binormal tensor product M ⊗bin Nop on H (resp. on
K). We refer to [14] for the definition of ⊗bin. We say that H is weakly
contained in K and denote it by H ≺ K if the representation πH is weakly
contained in the representation πK , that is if ker(πH) ⊃ ker(πK). For a
von Neumann algebra M , denote by L2(M) the standard representation of
M that gives the identity bimodule. Let H,K be M -N bimodules. The
following are true:
(1) Assume that H ≺ K. Then, for any N -P bimodule L, we have
H⊗NL ≺ K⊗NL, as M -P bimodules. Exactly in the same way, for
any P -M bimodule L, we have L⊗MH ≺ L⊗MK, as P -N bimodules
(see Lemma 1.7 in [3]).
(2) A von Neumann algebra B is amenable iff L2(B) ≺ L2(B)⊗L2(B),
as B-B bimodules.
Let B,M,N be von Neumann algebras such that B is amenable. Let H
be any M -B bimodule and let K be any B-N bimodule. Then, as M -N
bimodules, we have H⊗BK ≺ H⊗K (straightforward consequence of (1)
and (2)).
We prove the following analog of Lemma 2 in [31]:
Proposition 3.1. Let M = M1 ∗B M2 be a semifinite amalgamated free
product, and denote by Tr the semifinite trace. Assume that B is amenable.
Let p ∈ M1 be a projection such that Tr(p) < ∞. Let Q ⊂ pM1p be a von
Neumann subalgebra with no amenable direct summand. Then, for any free
ultrafilter ω on N, we have Q′ ∩ (pMp)ω ⊂ (pM1p)ω.
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Proof. Denote Ki = L
2(Mi) ⊖ L2(B), for i = 1, 2. Since there exists a Tr-
preserving normal conditional expectation F1 : M → M1, it follows that
L2(M1) ⊖ L2(M1) is a M1-M1 subbimodule of L2(M) and more precisely,
we have the following isomorphism as M1-M1 bimodules (see [41, 47]):
L2(M)⊖ L2(M1) ∼=
⊕
n≥1
Hn,
where
Hn = L2(M1)⊗B
2n−1︷ ︸︸ ︷
K2⊗BK1⊗B · · · ⊗BK1⊗BK2⊗BL2(M1).
Let p ∈ M1 be a non-zero Tr-finite projection. Cutting down with p, as
pM1p-pM1p bimodules, we have
L2(pMp)⊖ L2(pM1p) ∼=
⊕
n≥1
pHnp.
Since B is amenable, from the standard properties of composition and
weak containment of correspondences recalled at the beginning of this sec-
tion, it follows that as pM1p-pM1p bimodules
pHnp ≺ L2(pM1)⊗
2n−1︷ ︸︸ ︷
K2⊗K1⊗ · · · ⊗K1⊗K2⊗L2(M1p).
Consequently, we obtain
L2(pMp)⊖ L2(pM1p) ≺
⊕
L2(pM1)⊗L2(M1p).
Note now that as a left pM1p-module, L
2(pM1) is always a submodule
of
⊕
L2(pM1p), and exactly the same thing for the right pM1p module
L2(M1p). Thus, we finally have
L2(pMp)⊖ L2(pM1p) ≺
⊕
L2(pM1p)⊗L2(pM1p).
Since pMp is a finite von Neumann algebra, the proof is then exactly the
same as the one of Lemma 2 of [31]. 
If Q ⊂ pM1p has no amenable direct summand, then for any ε > 0, there
exist δ > 0 and a finite subset F ⊂ U(Q) such that for any x ∈ (pMp)1,
(1) ‖ux− xu‖2,Tr < δ,∀u ∈ F =⇒ ‖x− EpM1p(x)‖2,Tr < ε.
Remind that a II1 factor N is said to be full if any central sequence is
trivial, i.e. for any bounded sequence (xn) in N satisfying ‖xny−yxn‖2 → 0
for any y ∈ N , then ‖xn − τ(xn)1‖2 → 0. In the case of amalgamated free
products of finite von Neumann algebras, we obtain the following corollary:
Corollary 3.2. Let (Ni, τi) be a finite von Neumann algebra endowed with
a distinguished trace, for i = 1, 2. Let B ⊂ Ni be a common amenable von
Neumann subalgebra such that τ1|B = τ2|B. Denote by N = N1 ∗B N2 the
amalgamated free product. If one of the Ni’s is a full II1 factor, then N is
a full II1 factor.
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Proof. Assume that N1 is a full II1 factor. Fix ω a free ultrafilter on N. We
have N ′1 ∩Nω1 = C. Since N1 is a non-amenable II1 factor, Proposition 3.1
yields N ′1 ∩Nω ⊂ Nω1 . Then, we obtain
N ′ ∩Nω ⊂ N ′1 ∩Nω
⊂ N ′1 ∩Nω1
= C.
Thus, N is a full II1 factor. 
4. Key intertwining theorem for semifinite AFP
4.1. Notation. We fix some notation that we will be using throughout
this section. For i = 1, 2, let Ni be a von Neumann algebra and let B ⊂
Ni be a common von Neumann subalgebra such that there exist normal
faithful conditional expectations Ei : Ni → B. Write N = N1 ∗B N2 the
amalgamated free product. We shall always assume that N is semifinite and
denote by Tr its semifinite trace (see Section 2). WriteMi = Ni∗B (B⊗L(Z))
and M = M1 ∗B M2. We still denote by Ei : Mi → B the conditional
expectation, and Tr the semifinite trace on M . Note that M = N ∗B
(B⊗L(F2)).
In Mi, denote by ui the generating Haar unitary of L(Z). Let f : T
1 →
] − 1, 1] be the Borel function satisfying exp(π√−1f(z)) = z, ∀z ∈ T1.
Define hi = f(ui) a selfadjoint element in Mi such that exp(π
√−1hi) = ui.
Write uti = exp(tπ
√−1hi) ∈ U(Mi). Following [21], define the deformation
(αt) on M =M1 ∗B M2 by:
αt = (Adu
t
1) ∗B (Adut2),∀t ∈ R.
Moreover define the period-2 automorphism β on M = N ∗B (B⊗L(F2)) by:
β(x) = x,∀x ∈ N,
β(ui) = u
∗
i ,∀i ∈ {1, 2}.
It was proven in [21] that the deformation (αt) satisfies a certain malleability
type condition:
αtβ = βα−t,∀t ∈ R.
Note that αt and β are Tr-preserving. Hence, we shall still denote by αt and
β the actions on L2(M) and note that β(x) = x, for any x ∈ L2(N). Recall
that the s-malleable deformation (αt, β) automatically features a certain
tranversality property.
Proposition 4.1 (Popa, Lemma 2.1 in [30]). We keep the same notation
as before. We have the following:
(2) ‖x− α2t(x)‖2,Tr ≤ 2‖αt(x)− EN (αt(x))‖2,Tr, ∀x ∈ L2(N),∀t > 0.
12 I. CHIFAN AND C. HOUDAYER
4.2. Key intertwining theorem. All the theorems mentioned in the in-
troduction will be consequences of the following general intertwining result:
Theorem 4.2. We keep the same notation as before. Assume that B is
amenable and N = N1 ∗B N2 is a semifinite amalgamated free product,
where Tr denotes the semifinite trace. Let q ∈ N be a non-zero Tr-finite
projection and let Q ⊂ qNq be a von Neumann subalgebra with no amenable
direct summand. Then there exists i ∈ {1, 2} such that Q′ ∩ qNq N Ni.
Proof. For i ∈ {1, 2}, write Mi = Ni ∗B (B⊗L(Z)), and define M = M1 ∗B
M2. Note that M = N ∗B (B⊗L(F2)). We will be using the notation
introduced in subsection 4.1. Let q ∈ N be a non-zero projection such that
Tr(q) <∞. Let Q ⊂ qNq be a von Neumann subalgebra with no amenable
direct summand. Assume that Q′ ∩ qNq N Ni, for all i ∈ {1, 2}. We shall
obtain a contradiction. Denote Q0 = Q
′ ∩ qNq.
Step (1) : Using the spectral gap condition and the transversal-
ity property to find t > 0 and a nonzero intertwiner v between Id
and αt.
The first step of the proof uses a well-known argument due to Popa which
appeared in Theorem 4.1 and Lemma 5.2 in [30]. For the sake of complete-
ness, we will reproduce the argument from there. Let ε = 18‖q‖2,Tr. We
know that there exist δ > 0, a finite subset F ⊂ U(Q), with q ∈ F , such
that for every x ∈ (qMq)1,
‖[x, u]‖2,Tr ≤ δ,∀u ∈ F =⇒ ‖x− EqNq(x)‖2,Tr ≤ ε.
Since αt → Id pointwise ∗-strongly as t→ 0, and since for any u ∈ F
‖u− αt(u)‖22,Tr = 2
(‖u‖22,Tr −ℜTr(u∗αt(u)))
= 2
(‖u‖22,Tr −ℜTr(qu∗αt(u)q)) ,
we may choose t = 1/2k small enough (k ≥ 1) such that
max{‖u− αt(u)‖2,Tr : u ∈ F} ≤ min
{
δ
4
,
1
48
‖q‖2,Tr
}
.
For every x ∈ Q0 and every u ∈ F ⊂ Q, writing q = (q − αt(q)) + αt(q), we
have
[qαt(x)q, u] = qαt(x)qu− uqαt(x)q
= (q − αt(q))αt(x)qu+ [αt(x), u]− uqαt(x)(q − αt(q)).
For every x ∈ (Q0)1 and every u ∈ F ⊂ Q, since [u, x] = 0, we have
‖[qαt(x)q, u]‖2,Tr ≤ ‖(q − αt(q))αt(x)qu‖2,Tr + ‖[αt(x), u]‖2,Tr
+‖uqαt(x)(q − αt(q))‖2,Tr
≤ 2‖q − αt(q)‖2,Tr + ‖[αt(x), u− αt(u)]‖2,Tr
≤ 2‖q − αt(q)‖2,Tr + 2‖u− αt(u)‖2,Tr
≤ δ.
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Thus, for every x ∈ (Q0)1, ‖qαt(x)q − EqNq(qαt(x)q)‖2,Tr ≤ ε = 18‖q‖2,Tr.
Now, for every x ∈ Q0, writing αt(q) = q + (αt(q)− q), we have
αt(x) = qαt(x)q + (αt(q)− q)αt(x)q + qαt(x)(αt(q)− q)
+(αt(q)− q)αt(x)(αt(q)− q).
Consequently, we get for every x ∈ (Q0)1,
‖αt(x)− EN (αt(x))‖2,Tr ≤ 6‖q − αt(q)‖2,Tr
+‖qαt(x)q − EqNq(qαt(x)q)‖2,Tr
≤ 6‖q − αt(q)‖2,Tr + ε
≤ 1
4
‖q‖2,Tr.
Using Proposition 4.1, we get for every x ∈ (Q0)1
‖x− αs(x)‖2,Tr ≤ 1
2
‖q‖2,Tr,
where s = 2t. Thus, for every u ∈ U(Q0), we have
‖u∗αs(u)− q‖2,Tr = ‖u∗(αs(u)− u)‖2,Tr
≤ ‖u− αs(u)‖2,Tr
≤ 1
2
‖q‖2,Tr.
Denote by C = cow{u∗αs(u) : u ∈ U(Q0)} ⊂ qMαs(q) the ultraweak closure
of the convex hull of all u∗αs(u), where u ∈ U(Q0). Denote by a the unique
element in C of minimal ‖ · ‖2,Tr-norm. Since ‖a − q‖2,Tr ≤ 1/2‖q‖2,Tr,
necessarily a 6= 0. Fix u ∈ U(Q0). Since u∗aαs(u) ∈ C and ‖u∗aαs(u)‖2,Tr =
‖a‖2,Tr, necessarily u∗aαs(u) = a. Taking v = pol(a) the polar part of a, we
have found a non-zero partial isometry v ∈ qMαs(q) such that
(3) xv = vαs(x),∀x ∈ Q0.
The rest of the proof, namely Steps (2) and (3), are very similar to the
reasoning in Lemma 4.8 and Theorem 6.1 in [34], Theorems 4.1 in [32]
and Theorem 4.3 in [21] (see also Theorem 5.6 in [20]). For the sake of
completeness, we will nevertheless give a detailed proof.
Step (2) : Using the malleability of (αt, β) to lift Equation (3)
till s = 1.
Note that it is enough to find a non-zero partial isometry w ∈ qMα2s(q)
such that
xw = wα2s(x),∀x ∈ Q0.
Indeed, by induction we can go till s = 1. Remind that β(z) = z, for
every z ∈ N . Write w = αs(β(v∗)v). Since v ∈ qMαs(q), we see that
w ∈ αsβαs(q)Mα2s(q). But αsβαs = β. Hence, w ∈ qMα2s(q). Note that
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vv∗ ∈ Q′0 ∩ qMq. Since Q0 N Ni, it follows that Q0 N B. We know from
Theorem 2.4 that Q′0 ∩ qMq ⊂ qNq. In particular, vv∗ ∈ qNq. Then,
ww∗ = αs(β(v
∗)vv∗β(v))
= αs(β(v
∗)β(vv∗)β(v))
= αsβ(v
∗v) 6= 0.
Hence, w is a non-zero partial isometry in qMα2s(q). Moreover, for every
x ∈ Q0
wα2s(x) = αs(β(v
∗)vαs(x))
= αs(β(v
∗)xv)
= αs(β(v
∗x)v)
= αs(β(αs(x)v
∗)v)
= αsβαs(x)αs(β(v
∗)v)
= β(x)w
= xw.
Step (3) : Using the intertwining-by-bimodules technique to
conclude.
Thus, we have found a non-zero partial isometry v ∈ qMα1(q) such that
(4) xv = vα1(x),∀x ∈ Q0.
Note that v∗v ∈ α1(Q0)′ ∩α1(q)Mα1(q). Since α1 : qMq → α1(q)Mα1(q) is
a ∗-automorphism, and Q0 N B, Theorem 2.4 gives
α1(Q0)
′ ∩ α1(q)Mα1(q) = α1
(
Q′0 ∩ qMq
)
⊂ α1 (qNq) .
Hence v∗v ∈ α1(qNq).
Set A = L(F2). Denote Ki = L
2(Ni) ⊖ L2(B). Denote by P1 the or-
thogonal projection from L2(N) on L2(B) ⊕ K1 ⊕ K2. Define the sub-
space Halt ⊂ L2(M) as the L2-closed linear span of B and the words
in N1 ∗B N2 ∗B (B⊗A) with letters alternatingly from N1 ⊖ B, N2 ⊖ B,
B⊗(A⊖C1) and such that two consecutive letters never come from N1⊖B,
N2 ⊖ B. This means that letters from N1 ⊖ B and N2 ⊖ B are always
separated by a letter from B⊗(A⊖C1).
By the definition of α1, it follows that α1(L
2(N)) ⊂ Halt. Denote by
Palt the orthogonal projection of L
2(M) onto Halt. Since Q0 N Ni, for
any i ∈ {1, 2}, there exists a sequence of unitaries (un) in Q0 such that
ENi(a
∗unb) → 0 strongly, ∀i ∈ {1, 2},∀a, b ∈ qN . Moreover, we have the
following:
Claim 4.3. ∀c, d ∈ qMα1(q), ‖Eα1(N)(c∗und)‖2,Tr → 0.
Proof of Claim 4.3. Let c, d ∈ (M)1 (withM = N ∗B (B⊗A)) be either in B
or reduced words with letters alternatingly from N⊖B and B⊗(A⊖C1). Set
c = c′a, with a = c if c ∈ N , a = 1 if c ends with a letter from B⊗(A⊖C1)
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and a equal to the last letter of c otherwise. Note that c′ is either equal
to 1 or a reduced word ending with a letter from B⊗(A ⊖C1). Exactly in
the same way, set d = bd′, with b = d if d ∈ N , b = 1 if d begins with a
letter from B⊗(A⊖C1) and b equal to the first letter of d otherwise. Note
that d′ is either equal to 1 or a reduced word beginning with a letter from
B⊗(A⊖C1).
For x ∈ N , write cxd = c′(axb)d′, and note that axb ∈ N . Since N =
N1 ∗B N2 and by definition of the projection Palt, it is clear that
Palt(c
′zd′) = 0,∀z ∈ L2(N)⊖ (L2(B)⊕K1 ⊕K2).
By definition of the conditional expectations EMi , i = 1, 2, and EB , it is
easy to see that
P1(aunb) = EM1(aunb) + EM2(aunb)− EB(aunb),∀n.
(Note that aunb ∈ N ∩ L2(N).) Then P1(aunb)→ 0 strongly. Note that by
construction of c′ and d′, we have
Palt(cund) = Palt(c
′P1(aunb)d
′).
In particular, since α1(L
2(N)) ⊂ Halt, we get
Eα1(N)(cund) = Eα1(N)(c
′P1(aunb)d
′).
Thus, Eα1(N)(cund) → 0 strongly and ‖α1(q)Eα1(N)(cund)α1(q)‖2,Tr → 0.
Using Kaplansky density theorem together with the fact that un ∈ Q0 ⊂
qMq, we get the claim. 
Let’s come back to Equation (4). Recall that for the unitaries (un) in Q0,
we have unv = vα1(un). Since α1(un) are unitaries in α1(qNq), we get
‖v∗v‖2,Tr = ‖v∗vα1(un)‖2,Tr
= ‖Eα1(N)(v∗vα1(un))‖2,Tr
= ‖Eα1(N)(v∗unv)‖2,Tr → 0.
Hence, v∗v = 0. Contradiction. 
5. Applications to prime factors
5.1. Preliminaries. Let M be a von Neumann algebra. Let ϕ be a state
on M. Denote by Mϕ the centralizer and M = M ⋊σϕ R the core of M,
where σϕ is the modular group associated with the state ϕ. Denote by
πσϕ = M → M , the representation of M in its core M , and denote by λs
the unitaries in L(R) implementing the action σϕ. Consider the dual weight
ϕ̂ on M (see [39]) which satisfies the following:
σϕ̂t (πσϕ(x)) = πσϕ(σ
ϕ
t (x)),∀x ∈ M
σϕ̂t (λs) = λs,∀s ∈ R.
Note that ϕ̂ is a semifinite weight on M . Write θϕ the dual action of σϕ
on M , where we identify R with its Pontryagin dual. Take now hϕ a non-
singular positive self-adjoint operator affiliated with L(R) such that hisϕ =
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λs, for any s ∈ R. Define Trϕ := ϕ̂(h−1ϕ ·). We get that Trϕ is a semifinite
trace on M and the dual action θϕ scales the trace Trϕ:
Trϕ ◦θϕs (x) = e−sTrϕ(x),∀x ∈M+,∀s ∈ R.
There is also a functorial construction of the core of the von Neumann
algebra M which does not rely on the choice of a particular state or weight
ϕ (see [10, 12, 15]). This is called the non-commutaive flow of weights. Take
two states ϕ,ψ on M. It follows from [15] and Theorem XII.6.10 in [38]
that there exists a natural ∗-isomorphism
Πϕ,ψ :M⋊σϕ R→M⋊σψ R
such that Πϕ,ψ ◦ θϕ = θψ ◦ Πϕ,ψ and Trϕ = Trψ ◦Πϕ,ψ. In the rest of this
section, we will simply denote by (M,θ,Tr) the non-commutative flow of
weights, where θ is the dual action of R on the core M and Tr is the trace
on M such that Tr ◦θs = e−sTr, for any s ∈ R. This construction does not
depend on the choice of a state on M.
Remind that if M is a factor, then the dual action θ is ergodic on the
center Z(M). We prove the following:
Proposition 5.1. LetM be a non-amenable factor. Denote by (M,θ,Tr) its
non commutative flow of weights. Then for any non-zero central projection
z ∈ Z(M), Mz is not amenable. Moreover for any projection p ∈ M such
that Tr(p) <∞, pMp is a non-amenable finite von Neumann algebra.
Proof. Assume that there is a non-zero central projection z ∈ Z(M) such
that Mz is amenable. Thus Mθt(z) = θt(Mz) is still amenable. Define
e =
∨
t∈R θt(z). It is clear that e ∈ Z(M) and θt(e) = e, for any t ∈ R. By
ergodicity of the action θ on Z(M), we get e = 1. Now write zi = θti(z) for
i = 1, 2, such that Mzi is amenable. Note that z1 ∨ z2 = z1 + z2 − z1z2 =
z1 + z2(1− z1), so that M(z1 ∨ z2) = Mz1 +Mz2(1− z1) is still amenable.
Since amenability is stable under direct limits, and since
∨
t∈R θt(z) = 1,
it follows that M is amenable. But by duality, M⊗B(L2(R)) ≃ M ⋊θ R.
Consequently, M would be amenable. Contradiction.
We may assume that M is properly infinite, so that M itself is properly
infinite. Let p ∈ M be non-zero projection such that Tr(p) < ∞. Denote
z = z(p) the central support of p in M . Since M is properly infinite, Mz
is still properly infinite and Mz ≃ pMp⊗B(ℓ2). Since Mz is not amenable,
pMp is not amenable. 
5.2. Main result. We first introduce some notation. Let (B, τ) be a finite
von Neumann algebra of type I: for example B = C, B is finite dimensional
or B = L∞[0, 1]. For i = 1, 2, let Mi be a von Neumann algebra endowed
with a conditional expectation Ei :Mi → B. We shall always assume that
B 6=Mi. Denote by (M, E) = (M1, E1)∗B (M2, E2) the amalgamated free
product. Write
• ϕi = τ ◦ Ei, Mi =Mi ⋊σϕi R;
• ϕ = τ ◦ E, M =M⋊σϕ R.
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Note that the modular groups satisfy the following equation: σϕt = σ
ϕ1
t ∗B
σϕ2t , for any t ∈ R. Set λs the unitaries implementing the modular action
(σϕt ). Define the canonical conditional expectations Êi : Mi → B⊗L(R)
satisfying Êi(xλs) = Ei(x)λs, for any x ∈ Mi, for any s ∈ R. Exactly in
the same way we can define Ê : M → B⊗L(R). It follows from Ueda’s
results (see Theorem 5.1 in [41]) that M , the core of M, is given by
(M, Ê) = (M1, Ê1) ∗(B⊗L(R)) (M2, Ê2).
Denote by Trϕi the semifinite trace coming from the dual weight ϕ̂i on Mi.
Exactly in the same way, denote by Trϕ the semifinite trace on M . It is
straightforward to check:
Trϕi ◦Êi = Trϕi
Trϕ ◦Ê = Trϕ .
Moreover Trϕ|Mi,Trϕ|B⊗L(R) are still semifinite. Then M is a semifinite
amalgamated free product in the sense of Section 2. We will simply denote
the semifinite trace Trϕ by Tr in the rest of the section.
Theorem 5.2. Let (B, τ) be a finite von Neumann algebra of type I. Assume
B ⊂ Mi but B 6= Mi. Let Ei : Mi → B be a conditional expectation, for
i = 1, 2. Denote by M =M1 ∗BM2 the amalgamated free product. Assume
that M is a non-amenable factor. Then M is prime.
Proof. We will be using the notation introduced at the beginning of this
subsection. We prove the result by contradiction and we assume that M
is not prime, i.e. M = P1⊗P2, where Pi is a diffuse factor (i.e. not of
type I). Since M is a non-amenable factor, we may assume that P1 is a
non-amenable factor. Thanks to Corollary 8 of [11], we may choose a state
ψi on Pi such that the centralizer Pψii is a von Neumann algebra of type II1.
Denote ψ = ψ1 ⊗ ψ2. Note that we can write the core M in two different
ways:
M = (M1, Ê1) ∗(B⊗L(R)) (M2, Ê2)
M = (P1⊗P2)⋊σψ R.
We denote by Tr the canonical trace on M scaled by the dual action θ (see
the previous subsection). Denote by Pi = Pi ⋊σψi R the core of Pi.
Fix a non-zero projection p ∈ L(R) ⊂ P1 such that Tr(p) < ∞. Since
P1 is a non-amenable factor, the finite von Neumann algebra pP1p has no
amenable direct summand (see Proposition 5.1). From Theorem 4.2, we
know that there exists i = 1, 2 such that (pP1p)
′ ∩ pMp M Mi. Note that
Pψ22 p ⊂ (pP1p)′ ∩ pMp. In particular there exists n ≥ 1, a non-zero partial
isometry v ∈M1,n(C)⊗M , a projection q ∈Mni such that Trn(q) <∞ and
a (unital) ∗-homomorphism ρ : Pψ22 p → qMni q such that xv = vρ(x), for
any x ∈ Pψ22 p. Denote by Q = 〈P1, vv∗〉 the von Neumann subalgebra of M
generated by P1 and vv
∗. Then Q is still semifinite. We have vv∗ ∈ Q and
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v∗v ∈ ρ(Pψ22 p)′ ∩ qMnq. Since Pψ22 p is a von Neumann algebra of type II1,
then Pψ22 p M B⊗L(R). Consequently, Theorem 2.4 yields v∗v ∈ qMni q, so
that we may assume v∗v = q. Moreover, Theorem 2.4 yields v∗Qv ⊂ qMni q.
With the finite projection vv∗ ∈ Q, we can find a sequence of partial
isometries (ul) ∈ Q such that u∗l ul ≤ vv∗ and z :=
∑
l ulu
∗
l ∈ Z(Q). De-
fine w := [ulv]l ∈ M1,∞(C)⊗Mn. Note that, ww∗ = z, and w∗P1w ⊂
w∗w(Mni ⊗B(ℓ2))w∗w. But w∗w = Diag(v∗u∗l ulv) is not of finite trace in
Mni ⊗B(ℓ2). Note that now we are working in the semifinite amalgamated
free product:
M∞ =M∞1 ∗(B⊗L(R))∞ M∞2 .
Fix now an increasing sequence of projections (pk) in L(R) ⊂ P1 such
that p0 = p, Tr(pk) < ∞, for any k, and pk → 1 strongly. Denote
wk := pkw ∈ M1,∞(C)⊗Mn, and note that wk is still a partial isometry
(since ww∗ ∈ Z(Q)) and Tr(wkw∗k) < ∞. We apply now the same strategy
as before. Since w∗Pψ11 pkw ⊂ w∗kwk(Mni ⊗B(ℓ2))w∗kwk is a subalgebra of
type II1, an application of Theorem 2.4 (for each k) yields w
∗pkP2pkw ⊂
w∗kwk(M
n
i ⊗B(ℓ2))w∗kwk. Thus, we get for any k,
w∗pkP2pkw ⊂ w∗w(Mni ⊗B(ℓ2))w∗w.
Since pk → 1 strongly, we get w∗P2w ⊂ w∗w(Mni ⊗B(ℓ2))w∗w.
Consequently, we obtain w∗Pjw ⊂ w∗w(Mni ⊗B(ℓ2))w∗w, for any j =
1, 2. Since ww∗ commutes with P1, the von Neumann algebra generated by
w∗P1w and w
∗P2w is exactly w
∗Mw, and w∗Mw ⊂ w∗w(Mni ⊗B(ℓ2))w∗w.
Cutting down with the projection p0 = p, this implies in particular that
w∗pMpw ⊂ w∗0w0(Mni ⊗B(ℓ2))w∗0w0. Therefore,
w∗0w0(M
n⊗B(ℓ2))w∗0w0 = w∗0w0(Mni ⊗B(ℓ2))w∗0w0.
Since B⊗L(R) 6= Mi, by definition of the amalgamated free product M =
M1 ∗(B⊗L(R)) M2, we get a contradiction. 
Theorem 5.2 is no longer true for non-amenable factors arising as amal-
gamated free products over an amenable von Neumann algebra. Look at
the following trivial counter-example: for i = 1, 2 take Ni a II1 factor, write
Mi = R⊗Ni, where R is the hyperfinite II1 factor and Ei = Id⊗τi. Then
M := (R⊗N1) ∗R (R⊗N2) = R⊗(N1 ∗N2)
is a Mc Duff II1 factor and hence not prime.
5.3. Examples of prime factors. We deduce now several corollaries of
Theorem 5.2 and give new examples of prime factors. We first consider
the case of plain free products. For i = 1, 2, let (Mi, ϕi) be any von Neu-
mann algebra endowed with a faithful normal state. Denote by (M, ϕ) =
(M1, ϕ1) ∗ (M2, ϕ2) the free product. The von Neumann algebra M is
known to be a full factor (i.e. Inn(M) is closed in Aut(M) [9]) if one of the
following conditions holds:
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(1) (Barnett [4]): ∃u ∈ U(Mϕ11 ),∃v,w ∈ U(Mϕ22 ),
ϕ1(u) = ϕ2(v) = ϕ2(w) = ϕ2(v
∗w) = 0;
(2) (Ueda [42, 43]): Mϕ11 is diffuse and M2 6= C.
We thank Y. Ueda for pointing out to us (2). Consequently, we obtain
Corollary 5.3. Assume that M satisfies (1) or (2) so that M is a full
factor. Then M is a prime factor.
Gao & Junge proved in [17] that any free product (M, ϕ) = ∗i∈I(Mi, ϕi)
of amenable von Neumann algebras is solid in a general sense and hence
prime. It was proven by Ricard & Xu in [36] that such a free product M
always has the complete metric approximation property, (denoted c.m.a.p.)
i.e. there exists a net (φn) of normal finite-rank maps on M such that
lim sup ‖φn‖cb ≤ 1 and φn → idM in the pointwise-ultraweak topology (see
[3, 13]). Take now any countable group Γ such that Λcb(Γ) > 1, e.g. Γ =
Z2 ⋊ SL(2,Z). Then for any von Neumann algebra M 6= C, endowed with
a faithful normal state ϕ, the free product L(Γ) ∗ (M, ϕ) is a non-amenable
factor, thus prime by Theorem 5.2 and which does not have the c.m.a.p.
Consequently, Theorem 5.2 gives many examples of prime factors that do
not have the c.m.a.p.
We consider now the case of amalgamated free products. Firstly, the finite
case. For i = 1, 2, let Mi be a II1 factor and B ⊂Mi be a common abelian
von Neumann subalgebra, such that τ1|B = τ2|B. Write M = M1 ∗B M2.
We thank S. Vaes for showing us the following claim.
Claim 5.4. The amalgamated free product M is a non-amenable II1 factor.
Proof of Claim 5.4. The fact that M is always a II1 factor follows from
Theorem 1.1 of [21]. We consider the following alternative:
Assume B is not diffuse. Let p ∈ B be a non-zero minimal projection.
It is straightforward to check that pM1p ∗pB pM2p ⊂ pMp. Since pB = Cp,
we get pM1p ∗ pM2p ⊂ pMp. It is obvious that a free product of II1 factors
is never amenable. Thus, M itself is non-amenable.
Assume B is diffuse. For n ≥ 3, since B is diffuse, we may choose
orthogonal projections p1, . . . , pn ∈ B such that
∑
i pi = 1 and τ(pi) = 1/n.
SinceM1 andM2 are both II1 factors denote by (ei,j) (resp. (fi,j)) a system
of matrix unit in M1 (resp. M2) such that
ei,i = fi,i = pi,∀i ∈ {1, . . . , n}.
Instead of writing {1, . . . , n} for the set of indices, we will be using the
notation Zn := Z/nZ, which is more convenient. Write
u =
∑
i∈Zn
ei,i+1 ∈M1
v =
∑
i∈Zn
fi,i+1 ∈M2.
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It is straightforward to check that u ∈ U(M1), v ∈ U(M2) and un = vn = 1.
Moreover, we have
upku
∗ = vpkv
∗ = pk−1,∀k ∈ Zn.
Hence for any k ∈ Zn but k 6= 0 and any j ∈ Zn, we have ukpj = pj−kuk.
Applying EB , we obtain EB(u
k)pj = pj−kEB(u
k) = EB(u
k)pj−k, since B
is assumed to be abelian. This implies EB(u
k) = 0. Likewise, we get
EB(v
k) = 0. It follows in particular that u and v are ∗-free in M w.r.t. the
trace τ . Since u and v generate two copies of L(Zn), we have shown that
L(Zn) ∗ L(Zn) ⊂ M . Since L(Zn) ∗ L(Zn) is non-amenable for n ≥ 3, it
follows that M is a non-amenable II1 factor. 
Corollary 5.5. For i = 1, 2, letMi be a II1 factor and B ⊂Mi be a common
abelian von Neumann subalgebra. Then the amalgamated free product M1∗B
M2 is a prime II1 factor.
More generally, for i = 1, 2, let now Mi be a non-type I factor such that
A ⊂Mi is a common Cartan subalgebra, i.e.
• There exists a faithful normal conditional expectation Ei :Mi → A
(necessarily unique).
• A ⊂Mi is a MASA, i.e. A′ ∩Mi = A.
• A ⊂Mi is regular, i.e. NMi(A)′′ =Mi.
It follows from Ueda’s results (see [41, 44]), that under these assumptions,
the amalgamated free product M1 ∗A M2 is a non-amenable factor. It is
even non-Mc Duff (see Theorem 8 in [43]). Thus, we get
Corollary 5.6. Assume that Mi is a non-type I factor and A ⊂ Mi is a
common Cartan subalgebra. Then the amalgamated free product M1 ∗AM2
is a prime factor.
In particular, let Γ = Γ1 ∗ Γ2 be a free product of countable infinite
groups. Let σ : Γ y (X,µ) be a free action which leaves the measure
µ quasi-invariant. Assume moreover that the restriction σ|Γi is ergodic
and non-transitive (see [40]). One can view the crossed product M :=
L∞(X,µ) ⋊ Γ as the amalgamated free product M = M1 ∗L∞(X,µ) M2,
with Mi = L∞(X,µ)⋊ Γi and Ei :Mi → L∞(X,µ) is the canonical condi-
tional expectation. Consequently, we obtain, under those assumptions, that
L∞(X,µ) ⋊ Γ is a prime factor.
We point out that the assumption of ergodicity on σ|Γi cannot be removed
in general. Indeed amenable factors may appear as amalgamated free prod-
ucts over a Cartan subalgebra. It suffices to take an amenable free ergodic
action F2 y (X,µ), leaving the measure µ quasi-invariant. It follows that
M = L∞(X,µ)⋊F2 is an amenable factor, hence non-prime. Nevertheless,
M is the amalgamated free product
M = (L∞(X,µ)⋊ Z) ∗L∞(X,µ) (L∞(X,µ)⋊ Z)
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We quickly remind such a construction and refer to Section 6 of [44] for
further details. For the free group Fn = 〈g1, . . . , gn〉 on n ≥ 2 generators,
denote by ∂Fn its boundary:
∂Fn = {(ωi) ∈
∏
N∗
{g1, g−11 , . . . , gn, g−1n } : ∀i ∈ N, ωi 6= ω−1i+1}.
The boundary ∂Fn is a compact space for the product topology and its
topology is generated by the following clopen sets:
Ω(γ) = {ω = (ωi) ∈ ∂Fn : ω1 = γ1, . . . , ωr = γr},
for a reduced word γ = γ1 · · · γr. It is easy to see that the action of Fn by
left multiplication on ∂Fn is continuous. By [1], this action is known to be
amenable. Consider now the probability measure µ defined on ∂Fn by:
µ(Ω(γ)) =
1
2n
(
1
2n− 1
)l(γ)−1
with the word length function l(·). It follows from [22, 27, 35] that µ is
quasi-invariant under Fn and moreover the action Fn y (∂Fn, µ) is free
and ergodic. It follows that the associated crossed product von Neumann
algebra L∞(∂Fn, µ) ⋊ Fn is an amenable factor. This factor is moreover of
type III 1
2n−1
(see [35]). Consequently by Connes’ result [8], it is the unique
AFD factor of type III 1
2n−1
, denoted by R 1
2n−1
. Write now Fn = Γ1 ∗ Γ2 as
a free product of infinite groups. Thus we have
R 1
2n−1
= (L∞(∂Fn, µ)⋊ Γ1) ∗L∞(∂Fn,µ) (L∞(∂Fn, µ)⋊ Γ2).
6. Further rigidity results for finite AFP
6.1. A Kurosh type result and consequences. In the finite case, we can
obtain some more precise results. We have the following analog of Theorem
5.1 in [21]:
Theorem 6.1. Let (Mi, τi) be a finite von Neumann algebra endowed with
a distinguished trace, for i = 1, 2. Let B ⊂ Mi be a common amenable von
Neumann subalgebra such that τ1|B = τ2|B. Denote by M = M1 ∗B M2 the
amalgamated free product. Let Q ⊂ M be a von Neumann subalgebra with
no amenable direct summand. Denote Q0 = Q
′∩M the relative commutant.
Then there exists i = 1, 2 such that Q0 M Mi.
(1) Assume that Q0 M B. Then there exists i = 1, 2, n ≥ 1 and a
non-zero partial isometry v ∈M1,n(C)⊗M such that v∗Q0v ⊂Mni
(2) Assume that Q0 M B and M1,M2 are factors. Then, there exists a
unique pair of projections q1, q2 ∈ Z(Q′0∩M), satisfying q1+ q2 = 1,
and unitaries ui ∈ U(M) such that ui(Q0qi)u∗i ⊂Mi, for i = 1, 2.
Proof. Theorem 4.2 yields i = 1, 2 such that Q0 M Mi. Thus, there exists
n ≥ 1, a projection q ∈ Mni , a non-zero partial isometry v ∈M1,n(C) ⊗M
and a unital ∗-homomorphism θ : Q0 → qMni q such that xv = vθ(x), for
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any x ∈ Q0. Assume now that Q0 M B and let us prove (1). Since
v∗v ∈ θ(Q0)′ ∩ qMnq and θ(Q0) qMnq B, it follows from Theorem 1.1
in [21] that v∗v ∈ qMni q so that we may assume v∗v = q. Consequently,
v∗Q0v ⊂ Mni . For (2), the proof is now exactly the same as the one of
Theorem 5.1 of [21]. 
Under additional assumptions, an amalgamated free product M1 ∗B M2,
with B just amenable, might be prime. From a result of Hermann & Jones
(see Lemma 1 in [19]), if a non-inner amenable group Γ acts on a finite von
Neumann algebra (P, τ) in a trace-preserving way, then the crossed product
M = P ⋊Γ satisfies M ′ ∩Mω ⊂ Pω. If we moreover assume that the action
is strongly ergodic, i.e. L(Γ)′ ∩ Pω = C, then M ′ ∩Mω = C, and M is a
full II1 factor. Combining this observation and Corollary 3.2, we can obtain
the following result:
Theorem 6.2. Let (B, τ) be any finite amenable von Neumann algebra.
(1) For i = 1, 2, let (Ni, τi) be finite von Neumann algebras such that
τ1|B = τ2|B = τ . Write N = N1 ∗B N2 and assume that N1 is a full
II1 factor. Then N is a full prime II1 factor.
(2) Let Γ1,Γ2 be countable discrete groups such that |Γ1| ≥ 2 and |Γ2| ≥
3. Denote Γ = Γ1 ∗ Γ2, which is automatically non inner-amenable.
For any strongly ergodic trace-preserving action of Γ on B, B⋊Γ is
a full prime II1 factor.
Proof. We note that for a non-prime II1 factor N = N1⊗N2, N1, N2 are
necessarily non-amenable. Then the proof is very similar to the one of
Theorem 6.1. 
6.2. Solidity and semisolidity. Following [23, 24], a von Neumann alge-
braM is said to be solid if for any diffuse von Neumann subalgebra A ⊂M ,
the relative commutant A′ ∩M is amenable. It is said to be semisolid if
for any type II1 von Neumann subalgebra A ⊂ M , the relative commutant
A′ ∩M is amenable. Ozawa proved that L(Γ) is solid for any countable
group Γ in the class S (see [23]), and L∞(X,µ) ⋊ Γ is semisolid for any
free ergodic m.p. action of a class S group Γ on the non-atomic probability
space (X,µ) (see [24]). Moreover, he showed that the following countable
groups are in the class S: word-hyperbolic groups [23], the wreath products
Λ ≀ Γ with Λ amenable and Γ ∈ S [24] and Z2 ⋊ SL(2,Z) [25]. We prove the
following stability properties:
Theorem 6.3. For i = 1, 2, let (Mi, τi) be a finite diffuse von Neumann
algebra with a distinguished trace.
(1) M1 and M2 are solid iff the free product M1 ∗M2 is solid.
(2) Take B ⊂ Mi a common von Neumann subalgebra of type I such
that τ1|B = τ2|B. Assume that M1 and M2 are II1 factors. Then M1
and M2 are semisolid iff the amalgamated free product M1 ∗B M2 is
semisolid.
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Proof. Since proofs of (1) and (2) are similar, and since moreover (1) can
be deduced from Theorem 1.4 of [28], we only prove (2). Since M1 is a II1
factor and B is of type I, it follows from Theorem 1.1 in [21] that M is a
II1 factor. We prove the result by contradiction. Assume that there exists
a von Neumann subalgebra Q ⊂ M with a non-amenable direct summand
such that Q′ ∩ M is of type II1. Since M is a factor, by looking at an
amplification over a corner of Q, we may assume that Q has no amenable
direct summand and Q0 = Q
′ ∩M is still of type II1. From Theorem 6.1,
there exist a unitary u ∈ M , a non-zero projection q ∈ Z(Q′0 ∩M), and
i = 1, 2 such that u(Q0q)u
∗ ⊂ Mi. Denote p = uqu∗. Theorem 1.1 in [21]
implies that
u((Q′0 ∩M)q ∨Q0q)u∗ ⊂ pMip.
Note that Q0q is of type II1. Moreover since Q ⊂ Q′0 ∩ M and Q has
no amenable direct summand, it follows that Q′0 ∩ M has no amenable
direct summand either. Thus, with q ∈ Z(Q′0 ∩ M), the von Neumann
algebra (Q′0 ∩M)q is not amenable. This contradicts the fact that pMip is
semisolid. 
We cannot obtain the same statement as (2) for solidity: namely, even if
M1,M2 are solid and B is diffuse abelian, M = M1 ∗B M2 is not solid in
general. For example take the following inclusion of free groups Λ = 〈a, b2〉 ⊂
〈a, b〉 = Γ. Note that [Γ : Λ] = ∞. Look at the following generalized
Bernoulli shift
Γy [0, 1]Γ/Λ = Γy
∏
g∈Γ/Λ
[0, 1]g .
It is a free ergodic m.p. action. Write M = L∞
(
[0, 1]Γ/Λ
)
⋊Γ. Since Λ acts
trivially on L∞([0, 1]eΛ) and since Λ is not amenable, the relative commutant
L∞([0, 1]eΛ)′ ∩M is not amenable.
If we want to get solidity of such an amalgamated free product, we need
additional assumptions. Let Γ be a countable group, and σ : Γ y (X,µ)
be a free ergodic m.p. action. We shall say that this action is solid if for
any diffuse von Neumann subalgebra A ⊂ L∞(X,µ), the relative commutant
A′∩(L∞(X)⋊Γ) is amenable. We motivate this definition with the following
result:
Theorem 6.4. Let Γ = Γ1 ∗ Γ2 be a free product of countable groups and
consider Γ y (X,µ) a free ergodic m.p. action on the probability space.
Denote by M = L∞(X,µ) ⋊ Γ, Mi = L∞(X,µ) ⋊ Γi and note that M =
M1 ∗L∞(X,µ) M2. Then M is solid iff M1,M2 are solid and the action Γy
(X,µ) is solid.
Proof. We only need to prove the “if” part. We prove the result by con-
tradiction. Since M is II1 factor, there exists a von Neumann subalgebra
A ⊂ M with no amenable direct summand such that A0 = A′ ∩M is dif-
fuse. Thus, we know there exists i = 1, 2 such that A0 M Mi. There exist
n ≥ 1, a projection p ∈Mni , a unital ∗-homomorphism ψ : A0 → pMni p and
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a non-zero partial isometry v ∈M1,n(C)⊗M such that xv = vψ(x), for any
x ∈ A0. We may assume that p equals the support projection of EMni (v∗v).
First case: ψ(A0) Mni L
∞(X)n. The same proof as (2) of Theorem
6.3 will lead to a contradiction, namely it will contradict the fact that Mi is
solid.
Second case: ψ(A0) Mn
i
L∞(X)n. Using Remark 3.8 in [46], it follows
that A0 M L∞(X). Then there exists m ≥ 1, a projection q ∈ L∞(X)m, a
non-zero partial isometry w ∈M1,m(C)⊗M and a unital ∗-homomorphism
θ : A0 → qL∞(X)mq such that xw = wθ(x), for any x ∈ A0. Since θ(A0) is
diffuse, by solidity of the action, θ(A0)
′ ∩ qMmq is amenable. Consequently,
w∗w(θ(A0)
′ ∩ qMmq)w∗w is amenable and ww∗(A′0 ∩M)ww∗ is amenable
as well. Since A has no amenable direct summand, and A ⊂ A′0 ∩M , it
follows that A′0 ∩M has no amenable direct summand either. We get a
contradiction. 
We refer to [6] for some applications of the notion of solid action in ergodic
theory.
6.3. W∗/OE Bass-Serre rigidity results. Let (X,µ) be the standard
Borel non-atomic probability space. Let R be a countable Borel measure-
preserving equivalence relation on (X,µ). Denote by [R], the full group of
all Borel m.p. isomorphisms φ : X → X such that (x, φ(x)) ∈ R for almost
every x ∈ X. Denote by [[R]], the set of all partial Borel m.p. isomorphisms
φ : dom(φ)→ rng(φ), such that (x, φ(x)) ∈ R for almost every x ∈ dom(φ).
A partial Borel isomorphism φ ∈ [[R]] is said to be properly outer if φ(x) 6= x,
for almost any x ∈ dom(φ). Remind the following notion of freeness for
equivalence relations due to Gaboriau.
Definition 6.5 (Gaboriau, [16]). Let (Rk)k∈N be a sequence of m.p. equiv-
alence relations on the probability space (X,µ). The sequence (Rk) is said
to be free if for any n ≥ 1, for any i1 6= · · · 6= in ∈ N, for any φj ∈ [[Rij ]],
whenever φj is properly outer, the product φ1 · · ·φn is still properly outer.
In order to state the main result, we first introduce some notation. Fix
integers m,n ≥ 1. For each i ∈ {1, . . . ,m}, and j ∈ {1, . . . , n} let
Γi = Gi ×Hi
Λj = G
′
j ×H ′j
be ICC (infinite conjugacy class) groups, such that Gi, G
′
j are not amenable
and Hi,H
′
j are infinite. Note that Γi and Λj have a vanishing first L
2-Betti
number (see [5, 29]). Denote Γ = Γ1 ∗ · · · ∗ Γm and Λ = Λ1 ∗ · · · ∗ Λn.
Let σ : Γ y (X,µ) be a free m.p. action of Γ on the probability space
(X,µ) such that σi := σ|Γi is ergodic. Write A = L
∞(X,µ), Mi = A ⋊ Γi,
M = A ⋊ Γ, and R(Γi y X),R(Γ y X) for the associated equivalence
relations.
Likewise, denote by ρ : Λ y (Y, ν) a free m.p. action of Λ on the prob-
ability space (Y, ν) such that ρj := ρ|Λj is ergodic. Write B = L
∞(Y, ν),
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Nj = B ⋊ Λj , N = B ⋊ Λ, and R(Λj y Y ),R(Λ y Y ) for the associated
equivalence relations. Then we have
R(Γy X) ≃ R(Γ1 y X) ∗ · · · ∗ R(Γm y X)
R(Λy Y ) ≃ R(Λ1 y Y ) ∗ · · · ∗ R(Λn y Y ).
We obtain the following analogs of Theorem 7.7 and Corollary 7.8 of [21].
Using our Theorem 4.2, the proofs are then exactly the same. These results
can be viewed as Bass-Serre type rigidity results.
Theorem 6.6. If θ : M → N t is a ∗-isomorphism, then m = n, t = 1, and
after permutation of indices there exist unitaries uj ∈ N such that for all j
Ad(uj)θ(Mj) = Nj
Ad(uj)θ(A) = B.
In particular R(Γ y X) ≃ R(Λ y Y ) and R(Γj y X) ≃ R(Λj y Y ), for
any j.
Corollary 6.7. If R(Γy X) ≃ R(Λy Y )t, then m = n, t = 1, and after
permutation of indices, we have R(Γj y X) ≃ R(Λj y Y ), for any j.
Corollary 6.7 has been recently generalized by Alvarez & Gaboriau [2]
to all non-amenable countable groups Γi,Λj with a vanishing first L
2-Betti
number. See [2] for a precise statement.
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